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ABSTRACT straints are changed. Transformed coefficients are the inner
product of wavelet basis vectors with the signal data. These

The optimization of a quadratic objective function with lin- . o X
ear constraints is useful for interpolation purposes. This forproducts are new linear constraints introduced in the formula-

X : L ..~ “tion. This allows to construct initial prediction steps, as well
mulation may be employed to derive an initial prediction in - : .
s T as the subsequent predictions for which the spatial interpola-
the lifting scheme domain in order to construct wavelet trans:. . L . . :
. : S .. “tion interpretation is not straightforward. Section 4 explains
forms. We modify the formulation to design final prediction

e . . this point. Second, the objective function is modified to con-
and update lifting steps. The linear constraints relate wavele . I . . .
- . . ; Struct the gradient-minimized update steps in section 5. This
bases and coefficients with the underlying signal. The ob- . . .
o S o ..~ ~case is further developed to offer the practical results in sec-
jective function is the detail signal energy for the prediction. T .
i ) . o . tion 6. Auto-regressive image models of first and second or-
lifting design and the gradient of the approximation signal for . -
der are used to derive specific update steps that successfully
the update. To report concrete results and the power of the a

. . o gbmpare to the 5/3 wavelet for image compression purposes.
proach, we derive update steps using an auto-regressive 'MageNotation: boldface upper-case letters denote matrices, bold-

model that show better performance than the 5/3 wavelet fqr :
. . ace lower-case letters denote column vectors, upper-case ital-
the compression of several image classes. : o
ics denote sets, and lower-case italics denote scalars. Indexes

are omitted for short when they are clear from the context.
1. INTRODUCTION

. . o 2. LIFTING SCHEME
Wavelet transforms have widely shown their usefulness inim-

age compression. The lifting scheme [1] is a method to creatgifting scheme comprises the following parts:
biorthogonal wavelet filters from other ones. Basically, lifting

consists of prediction and update steps. We briefly introduce (&) Lazy wavelet transform of the input datainto two

lifting in section 2. subsignals:

The prediction step extracts the redundancy existing in — An approximation or low-pass sign} formed
the odd samples from the even samples. Interpolative func- by the even samples af
tions are a reasonable choice as initial prediction lifting step. — A detail or high-pass signai, formed by the odd
An example is the family of Deslauriers-Dubuc interpolating samples ok.

wavelets, which are constructed via lifting using two steps. (b) Lifting steps, = 1..L.
An interesting adaptive quadratic interpolation method is pro-

. A . . ! — Prediction P; of the detail signal with thd;_
posed in [2]. We outline it in section 3. The interpolation

. . . . samples (1).
signal is found in [2] by means of the optimal recovery the- — Updatel; of the approximation signal with tHe,
ory. We have observed that the problem statement may be samplesZ(Z)

reformulated as a simple minimization of a quadratic func-
tion with linear equality constraints. This insight provides (C) Output data: the transform coefficiedtsandhy..
aII_thg resources and flexibility coming from the convex opti- hiln] = hi_1[n] = P,(Li_1[n]) (1)
mization theory to solve the problem. Furthermore, the initial Linl = Liafn] + Us(hsln)) @
problem statement may be modified in many different ways ! il o
and convex optimization theory still offers solutions. Lifting steps improve the initial lazy wavelet transform prop-
In this paper, we employ the new found flexibility to de- erties. Eventually, input data may be any other wavelet trans-
sign lifting steps with different criteria than the usual vanish-form with some properties we want to improve. Several pre-
ing moments and spectral considerations. First, linear cordiction and updated( > 1) may be concatenated in order to



reach the desired properties for the wavelet basis. A multiene located at the position of the known sample. The respec-
resolution decomposition of (3) is attained by plugging the tive position of vectob has the sample value. An illustrative
approximated signdl, into another lifting step block, obtain- example for the second case is the following. Assume that the

ing1® andh(?). The process is iterated aft). pixel value is the average of four high density neighbors, then
there would be a/4 at each of their corresponding positions
x— (I h) - (1®, h® h) - ... — in a column ofA. Whatever the linear constraints, they are
— (15 ) pE-D_ p)  (3) included in (6) to reach the formulation

minimize ||c||?

subjectto Sc = x )

An interpolation method based on the quadratic signal class ATx=b.

determined from the local image behavior is presented in [2].  The solution of this problem is

The quadratic signal class is determined by a set of patches . T T A1

S = {z1,..., 2z} representative of the local data. Patches x" =SS A(A'SS"A)" b, )
may extracted from an up-sampling and filtering of the iImage, hicp, js the least-square solution for the quadratic norm de-
or from other images. Patches are high-density, i.e., they ha\f@rmined bysST and the linear constraints”x — b. Taking

Fhe same resolution. as the in.terpolatio.n. T_he quadratic cla§ﬁe expectation in (8) the formulation is maglebal. In this
is defined by a matriq for which the ellipsoid case, the quadratic class is determined by the correlation ma-

3. QUADRATIC INTERPOLATION

xTQx < e (4) tixR=E [SST}. The equivalent global formulation of (7)
is L _
must be representative of the training &eti.e., Q must be mnimimnize x"R™'x )
a matrix such that when an image patghs similar to the subjectto ATx=b

vect(_)rs inS,_then (4) holds foty. Matrix S is formed by ar- and the corresponding solution is
ranging the image patchesdhas columnsS = (x; ...x,,). . T =
The image patcly is imposed to be a linear combination x" = RA(ATRA)"'b. (10)
of the training se&s through a column vectar: With this common formulation, local adapted and global
interpolative predictions may be constructed and the avail-
Sc=y. ) able knowledge about the input signal may be incorporated by
adding constraints to refine the result. In the next section, the
linear constraints in (9) are modified to include the transform
coefficients inner products in order to construct final predic-

e =cTe=yT(SST) 'y =y"Qy <, tion steps.

Vectors inS are similar among them ang is similar to
them whenc has small energy,

whereQ is the pseudo-inverse &ST. In this sense, good 4. LINEAR PREDICTION STEP DESIGN
interpolatorsy for the quadratic class determined fyare

expanded with the weighting vectarof energy bounded by A transform coefficient is the inner product of a wavelet or
somee. Once the high density clagsis determined, the op-  scaling basis vectow; with the input signal. Using this no-
timal interpolated vectax can be simply seen as the solution tation, coefficientsh[n] andi[n] arise fromh[n] = Wg[n]x
of (6), instead of using the optimal recovery theory as in [2]'andl[n] _ W?E77]X’ respectively. A second prediction stép

The solution of (6) is the minimum energysubject to the . - . . .
. . L Lo predicts a coefficient; [n] using a set of neighboring approx-
patches linear constraint (5). This interpretation is very use- . ; .
o : . ._~“Imate samples, which are denotedlb:| with some notation
ful for the lifting design covered in the subsequent sections, .
abuse. The operators are linear and so, we have

o 9 K

mulcl’rguze el (6) ha[n] = hy[n]—h[n] = hi[n] = P2(Li[n]) = ha[n] —p3 Li[n].

. ) ) ) The approximate coefficients linear constraints are included
There is more information that may be used to Improvep the formulation. Therefore, matri columns are formed

the solution. Previous knowledge abouts available. Typ- by w1, (), Which are the basis vectors of each neighhr]

ically, one of every two _eIements of are already known in employed for the prediction. The independent terni is-

the interpolation o, with the sampled,. It may be also ;). According to the established notation and constraints,

known that the ori.gina'l high density pixels ha.ve been aVeTthe predicted valué, [n] is found by using the optimal inter-
aged before a decimation by two. Both cases impose a I'ne?)rolation vector (10)

constraint on the data, denoted AY x = b. In the first case, X
the columns of matrixA are formed by vectors;, being the hiln] = wi ,x" = wi . JRA(A"RA)"'b = pjb,

1[n

subjectto Sc =x



from which the optimal prediction filter is Let denote the mean of the neighboring approximate sig-

nal basis vectors employed to update as
ps = (ATRA) 'ATRwy,, |- (12)

1
Interestingly, this filter (11) is equivalent to the one in [3] Y=g Z Wi,
that minimizes the MSE of the second prediction, that is, et
) where |Z| denotes the cardinal of the sét Equalling the
p; = arg min fo(p2) = E[(ha[n] — hy[n])?]. (12)  derivative to zero, the optimal update filter minimizing the
local gradient is found to be
However, the convex optimization theory approach per- . T A Tea
mits modifications that allow the inclusion of more knowl- u’ = (ATRA)TATR(Wz — W), (15)
edge in the formulation, with the use of other objective func-and the optimally updated coefficient is
tions (as the update designs of section 5) or with the addition - . T .
of constraints. For instance, equality and inequality linear 1[n] = lo[n] + (Wz — wip,)” RA(ATRA)™"b.  (16)
constraints on the smoothness of the signal or on its lower Again, the interpretation relying on the optimal interpola-
and gpper.bounds may be included. In general, predicj[ioaon ofx, I1[n] = lo[n] + w*Tb = lo[n] + (Wr — wl[n])Tx*,
step is easier to design than the update because the spatialifipractical because it allows the use of additional knowledge.

terpretation of the prediction filtering is more direct. For this A re|ated construction is developed in the next subsection.
reason, we devote the rest of the paper to the design of update

steps and to report the results obtained from their applicatio% 2. Second design

5. LINEAR UPDATE STEP DESIGN An additional consideration on the set of approximation sig-
nal neighborsZ may be included to the previous gradient-
Previous formulation with an appropriate objective functionminimization design. As each sampleInis also updated,
is applied to design update lifting steps. The next two subsedt is interesting to consider the minimization of the gradient
tions develop two different objective functions to constructof /[n] + [[n] with respect to the updated sampl@$ + {[d],

update steps that are used to perform the experiments in sec< Z, through a still unknown update filter. To this goal, the
tion 6. objective function (13) is modified in order to find the optimal

update with this criterion:

5.1. First design ‘ _ )
Coefficientl[n] is updated withi[n] = u”'b. The objective folw) =E ;((ZM ) = () 1)

function is set to be théz-no[m of the substraction between o o o
the updated coefficieritn] + I[n] and the sef of the neigh- The object_lv_e funct|0n~|s expanded taking mto_account the
updated coefficients base@g; = w;j;) + Ayju, being A

boring scaling coefficients. This objective function leads to _ - i -
a smooth approximate signal that helps the prediction to pthe constraint matrix relative to the position of sampleand

form better in the next resolution level. Formally stated, the® = Aifn]- The algebraic manipulation is similar to the pre-
goal is to findu such that vious case. The optimal solution is described by expression

* — — —T —
u* = arg min fo(u), u* = M (ATR(Wz — Win)) + Az Rwyp) — br), (17)

) being o o
with M = ATR(A — 2A7) + Rz,
fo(u) =E Z (7] — ([n] + lN[n}))Q] , (13)  where the mean of the different products of the bases and ma-
i€l trices are denoted by
which is equivalent to _ 1
Ar = [l Z Ay,
fo(u) = Z E {(wﬁi]x — Wﬁn]x — uTb)ﬂ , (14) . iel
i€l B _ T
_ . Rz = [l > AfRA,
where nowb = h;[n]. Expression (14) is developed. Then i€l
differentiated with respect ta. After that, the linear con- = 1 T
_ : e by = — Al SRwy
straintsATx = b are introduced and the definition of corre- g |Z]| 7621 Lo[i] T+ Wloli]

lation matrix used to reach the expression ) ) ) _ )
Equation (17) is very simple to compute in practice. The

Vafo =2 Z uT’ATRA + WzT[n] RA — wle RA. only differences w.r.t. (15) are the additional terms concern-
i€z ing the mean of the neighbors basis vectors, which are known.



5/3 wavelet| AR-1 model 05
Synthetic 3.832 3.508
SST 3.252 3.123
Mammography 2.349 2.358 =

Table 1. Compression results with Jpeg2000 using the stan-
dard 5/3 wavelet and the proposed optimal update with the
AR-1 model for the synthetic, mammography, and SST im-
age classes. Results are given in bits per pixel.
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6. EXPERIMENTS

The framework developed in this paper allows the construc-
tion of 2-D nonseparable filters. However, for the experi-
ments we restrict ourselves to 1-D separable decompositionBig. 1. Six level-sets of a function of the update coefficient
Concretely, we derive update steps for the prediciign=  with respect to the AR-2 parameters. The function is the
(1/2 1/2)T of the 5/3 wavelet used for lossy-to-losslessabsolute value of the update coefficient minus 0.25 (the 5/3
compression in the Jpeg2000 standard [4]. The 5/3 waveletavelet update coefficient). Thus, the resulting filter is very
update isn; = (1/4 1/4 ). For fair comparison, we also similar to the 5/3 in the dark areas and different in the light
employ two neighbors for the update and so, in practice thiareas. The two circles depict the mean AR-2 parameters for
application simply reduces to propose a coefficient differenthe synthetic and SST image classes.
from 1/4 for the update filter. Even in this simple case, the
proposal attains noticeable improvements.

In th.e first experiment,'asecond ord_er auto-regre_ssive model 7. CONCLUSIONS
(AR-2) is used to determine the local image behavior. For a

subset of the AR-2 parameters values, the resulting optimatne relation between interpolation and lifting design has been
update coefficient (17) coincides with the 5/3 update, but nopjghlighted. The common setting is employed to derive opti-
for other possible values. Figure 1 highlights this fact. It re-mg) |ifting steps with different criteria. We show two different
lates the update coefficient with the AR-2 parameters. Thereg,vays to obtain useful updates and apply the results to a con-
fore, for many images the usual update is far from being opgrete case with success. Both, the local adaptive and the fixed
timal in the sense of (17). An adaptive update filter is conypgate provide encouraging results. Furthermore, from the
structed by estimating the AR-2 parameters for each line iRieveloped viewpoint, it is demonstrated that the widespread
an image and using the filter given by the second design (17%/3 wavelet is not optimal for many images. Despite of these
To assess the performance, the energy of the coarser level dgamples, the framework offers additional flexibility that de-
tail signalh{” is computed. This comes from the assumptionserves to be deeply studied and employed in all its extension
that a good approximation signal for compression provide# a future work.
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