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Connected Operators

©
 C

Y
B

E
R

S
TO

C
K

Connected operators are filtering tools that act by 
merging elementary regions called flat zones. 
Connecting operators cannot create new contours 
nor modify their position. Therefore, they have 
very good contour-preservation properties and are 

capable of both low-level filtering and higher-level object rec-
ognition. This article gives an overview on connected operators 
and their application to image and video filtering. There are 
two popular techniques used to create connected operators. 
The first one relies on a reconstruction process. The operator 
involves first a simplification step based on a “classical” filter 
and then a reconstruction process. In fact, the reconstruction 

can be seen as a way to create a connected version of an arbi-
trary operator. The simplification effect is defined and limited 
by the first step. The examples we show include simplification 
in terms of size or contrast.

The second strategy to define connected operators relies on a 
hierarchical region-based representation of the input image, i.e., 
a tree, computed in an initial step. Then, the simplification is 
obtained by pruning the tree, and, third, the output image is 
constructed from the pruned tree. This article presents the most 
important trees that have been used to create connected opera-
tors and also discusses important families of simplification or 
pruning criteria. 

We also give a brief overview on efficient implementations of 
the reconstruction process and of tree construction. Finally, the 
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 possibility to define and to use 
nonclassical notions of connec-
tivity is discussed and illustrated. 

INTRODUCTION
An increasing number of image 
or video processing applications are not efficiently dealt with 
using classical pixel-based filtering and processing approaches. 
Examples are multimedia applications such as content-based 
compression or indexing as well as many biomedical or remote 
sensing applications. 

For content-based image or video compression, the repre-
sentation based on an array of pixels is not appropriate if one 
wants to be able to act on objects, to selectively encode areas of 
interest, or to assign different behaviors to the entities repre-
sented in the image. In these applications, the notion of object 
is essential. As a consequence, the data modeling or at least the 
processing has to include the notion of regions to represent 
objects. Content-based indexing also faces the same kind of 
challenges. For instance, the video representation based on a 
flow of frames is inadequate for many video indexing applica-
tions. One would like to have access to a table of contents of the 
video where the notion of temporal regions is central. In a large 
number of biomedical as well as remote sensing applications, 
low-level processing of the data would benefit from a region-
based processing as most of the processing is directed toward 
the identification or classification of regions into meaningful 
entities with respect to the application (detection of organs, 
cells, and specific types of vegetation). 

In all of these examples, the notion of region turns out to be 
central in the processing. Note that regions may be two-dimen-
sional (2-D) or three-dimensional (3-D) spatial connected com-
ponents but also temporal or spatio-temporal connected 
components in the case of video. It must be recognized that 
most low-level image processing tools cannot handle the notion 
of region. The vast majority of low-level processing tools such as 
filters are very closely related to the classical pixel-based repre-
sentation of signals. Examples include linear convolution with 
an impulse response, median or rank-order filter, morphological 
operators based on erosion, and dilation with a structuring ele-
ment. In all cases, the processing strategy consists in modifying 
the values of individual pixels by a function of the pixels values 
in a local window. 

Early examples of region-based processing can be found in 
the literature in the field of segmentation. For example, the 
classical split and merge algorithm first defines a set of elemen-
tary regions (the split process) and then interacts directly on 
these regions allowing them to merge under certain conditions. 

Recently, connected operators from morphology have 
received much attention. Connected operators are region-based 
filtering tools because they act directly on the connected com-
ponents where the image is constant, the so-called flat zones. 
Intuitively, connected operators can remove boundaries between 
flat zones but cannot add new boundaries nor shift existing 
ones. The related literature rapidly grows and involves theoreti-

cal studies [1]–[11], algorithm 
developments [12]–[20], and 
applications [14], [21]–[28]. 
The goals of this article are 1) 
to provide an introduction to 
connected operators for gray-

level images and video sequences and 2) to discuss the tech-
niques and algorithms that have been most successful within 
the framework of practical applications. 

CLASSICAL FILTERING APPROACHES
In this section, we define the notation and the basic notions in 
complete lattice theory [29], [30] that are going to be useful in 
this article. Although the notion of connected operators can be 
defined for continuous images, we focus on the discrete case 
that is of interest in practice. Let f 3n 4 denote images and ft 3n 4 
video sequences where n denotes the pixel or space coordinate 
(a vector in the case of 2-D or 3-D images) and t the time instant 
in the case of a video sequence. In lattice theory, the notions of 
order relationship, supremum — and infimum –  are central. 
Let us first recall the definition of order between images. A gray-
level image f  is said to be smaller than a gray-level image g if 
and only if 
 f # g 3 4n, f 3n 4 # g 3n 4. (1)

If the lattice is complete, any set (finite or infinite) of images has 
a supremum and an infimum. The supremum is the smallest 
upper bound and the infimum is the highest lower bound. 

Many lattice theory properties are concerned with the inter-
action of an operator with the order relationship. In particular, 
an operator c acting on an input f  is said to be

increasing if the order that may be present between two  �

input images is preserved by the filtering, 4f, g,
f # g 1 c 1 f 2 # c 1g 2  

idempotent if the iteration of the operator always gives the  �

same result as applying the filter once (for example, ideal lin-
ear filters are idempotent but are not usable in practice since 
they are unstable). Equivalently, an operator is idempotent if 
the filtering of an arbitrary signal produces an invariant, 
4f, c 1c 1 f 2 2 5 c 1 f 2  

extensive if the input image is always smaller than the out- �

put image 4f, f # c 1 f 2  
antiextensive if the output image is always smaller than  �

the input image 4f, c 1 f 2 # f .
Based on these elementary properties, important classes of mor-
phological filters are defined as follows: 

A morphological filter is an increasing and idempotent  �

operator. 
An opening is an antiextensive morphological filter. �

A closing is an extensive morphological filter. �

Note that sometimes the notion of a morphological filter is 
relaxed [3] to mean any idempotent operator, as in the case of 
shape filters [27]. Finally, an operator is said to be self-dual if it 
processes symmetrically bright and dark image components, 
4f, c 1 f 2 5 2c 12f 2 .

CONNECTED OPERATORS ARE 
FILTERING TOOLS THAT ACT BY 

MERGING ELEMENTARY REGIONS 
CALLED FLAT ZONES. 
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Figure 1 shows a number 
of classical approaches to 
image filtering, i.e., linear fil-
tering, median filtering, and 
opening and closing using a 
5 3 5 structuring element. 
The opening is given by 
gh 1 f 2 5 dh 1Ph 1 f 2 2  and the closing by wh 1 f 2 5 Ph 1dh 1 f 2 2 . 
Both are based on morphological dilation and erosion. The 
dilation by a structuring element h 3n 4  is defined by 
dh 1 f 2 3n 4 5 — k52`

` 1h 3k 4 1 f 3n 2 k 4 2 . The erosion is given by 
Ph 1 f 2 3n 4 5 –

`
k52`f 3n 2 k 4 2 h 3 2 k 4. The opening and closing 

are morphological filters (i.e., both increasing and idempotent). 
Moreover, the opening is antiextensive (it removes bright compo-
nents) whereas the closing is extensive (it removes dark components). 

For all of these classical approaches, the filter design con-
sists in carefully choosing a specific signal h 3n 4 that may be the 
impulse response, the window or the structuring element. 
While this definition step is classically seen as the key point of 
the filter design, our point here is to highlight that, for image 
processing, the use of h 3n 4 has a major drawback: as h 3n 4 is 
based on shapes and structures that are not related to the input 
signal, its use inevitably introduces distortions in the output 
signal. The distortion effect depends on the specific filter, but 
for a large range of applications requiring high precision on 
contours, none of these filtering strategies is acceptable. 

To reduce the distortion, one possible solution is to adapt 
h 3n 4 to the local structures of the input signal. This solution 
may improve the results but still remains unacceptable in 
many circumstances. An attractive solution to this problem is 
provided by connected operators. Most connected operators 
used in practice rely on a completely different filtering strate-
gy: the filtering is done without using any specific signal such 
as an impulse response, a window, or a structuring element. In 

fact, the structures of the input 
signal itself are used to act on 
the signal. As a result, no new 
structures or distortions com-
ing from unrelated signals are 
introduced in the output. 

CONNECTED OPERATORS

DEFINITION AND BASIC PROPERTIES
Gray-level connected operators act by merging flat zones. The 
flat zones are the connected components where the image is 
constant. Note that in natural images, flat zones often involve 
only one or two pixels. Connected operators cannot create new 
contours, and, as a result, they cannot introduce in the output 
image a structure that is not present in the input image. 
Furthermore, they cannot modify the position of existing 
boundaries between regions and, therefore, have very good 
contour preservation properties. 

Gray-level connected operators originally defined in [1] rely 
on the notion of partition of flat zones. A partition is a set of 
nonoverlapping, nonvoid regions that fills the entire space. 
Until the section “Nonclassical Connectivities,” we assume 
that the connectivity is defined on the digital grid by a simple 
rule that defines the immediate neighbors of a pixel. Typical 
examples are the four- and eight-connectivity for 2-D images 
and six- and 26-connectivity for 3-D images. Let us denote a 
partition by P and the region of P that contains pixel n by 
P(n). A partial order relationship among partitions can be cre-
ated: P 1 “is finer than” P 2 (written as P1 _ P2), if 4n,
P1 1n 2 # P2 1n 2 . 

It can be shown that the set of flat zones of an image f  is a 
partition of the space, Pf. Based on these notions, connected 
operators are defined next. 

[FIG1] Example of filtering with classical filters: (a) original image, (b) low-pass filter (737 average), (c) median (window size: 535), 
(d) opening (structuring element size: 535), and (e) closing (structuring element size: 535).

(a) (b) (c)

(d) (e)

QUITE UNIQUELY, CONNECTED FILTERS 
CAN EASILY BE GIVEN MANY DESIRABLE 

INVARIANCE PROPERTIES, SUCH AS 
SCALE INVARIANCE. 
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DEFINITION 1

Connected Operators 
A gray-level operator c is connected if the partition of flat zones of 
its input f  is always finer than the partition of flat zones of its out-
put, that is 

 Pf  _ Pc1f 2,4f .

This definition clearly highlights the region-based processing of 
the operator: indeed, regions of the output partition are created by 
union of regions of the input partition. New connected operators 
can be derived from the combination of primitive connected oper-
ators. In particular, if c1, c2 are two connected operators, their 
composition c2c1 is also connected. If 5ci6 represents a family of 
connected operators, their supremum —i ci and infimum – i ci 
are connected. Finally, if c is a connected operator, its dual c* 
defined by: c* 1 f 2 5 2c 12f 2 , is also connected. 

As can be seen, connected operators heavily rely on the notions 
of flat zone partition and connectivity. In the section “Nonclassical 
Connectivities,” we will show that the notion of flat zones can be 
defined with some flexibility allowing flat zones to present some 
gray-level fluctuations. We will illustrate the practical interest of 
these extensions. 

Finally, connected operators are filtering tools in the sense that 
they transform an input gray-level image into a filtered gray-level 
image. However, as they are conceptually based on the notion of 
partition, they are often claimed to bridge the gap between classi-
cal filtering and segmentation [31], [32]. Moreover, some of the 
theoretical notions involved in connected operators have been 
recently extended for pure segmentation applications. The result-
ing approach is known as connective segmentation. The reader is 
referred to [33] and [34] for more information on this subject. 

EARLY EXAMPLE OF CONNECTED OPERATORS
The first known connected operator was defined for binary im-
ages. It is known as the binary opening by reconstruction [35]. 
This operator eliminates the connected components that would 
be totally removed by an erosion with a given structuring ele-
ment and leaves the other components unchanged. This filter-
ing approach offers the advantage of simplifying the image 
(some components are removed) as well as preserving the con-
tour information (the components that are not removed are 
perfectly preserved). It can be shown that the process is in-
creasing, idempotent, and antiextensive, that is, an opening. 
Moreover, it was called “by reconstruction” because of the 
 algorithm used for its im plementation. From the algorithmic 
viewpoint, if X is the original binary image, the first step is to 
compute an opening with a structuring element Bk of size k, 
dBk

1eBk
1X 2 2  (or an erosion eBk

1X 2  if Bk is connected and con-
tains the origin). This opening is used to “mark” the connected 
components that should be preserved. The final result is ob-
tained by progressively dilating the opening conditionally to 
the mask defined by the original image (see Figure 2) 

Y0 5 dBk
1eBk

1X 2 21)  

Yk5dC 1Yk212 d X,2)  where C is a binary structuring element 
defining the connectivity, e.g., square of 3 3 3 (cross) for the 
eight-connectivity (four-connectivity) 

Iterate Step 2 until idempotence (until no change is 3) 
observed between two iterations).
The first gray-level connected operator was obtained by a trans-

position of the previous approach to the lattice of gray-level func-
tions [13], [30]. It is known as an opening by reconstruction 

g0 5 dhk
1ehk

1 f 2 2 ,1)  where f  is the input and hk a structuring 
element of size k 

gk 5 dC 1 gk21 2 – f,2)  where C is a flat structuring element (a 
structuring element is flat if the values of h 3k 4 are 0 on its sup-
port S and 2` outside S. In this case, the dilation simply con-
sists in computing the supremum of the samples corresponding 
to k such that h 3h 4 5 0:dhflat

1 f 2 3n 4 5 —k[S
 
f 3n 2 k 4 2  defin-

ing the connectivity, e.g., square or cross 
iterate Step 2 until idempotence.3) 

It was shown in [1] that this operator is connected. 
Intuitively, the erosion acts as a simplification step by remov-
ing small, bright components. The reconstruction process 
restores the contours of the components that have not been 
completely removed by the erosion. 

There are several ways to construct connected operators, 
and many new operators have been recently introduced. From 
the practical viewpoint, the most successful strategies rely on 
a reconstruction process or on region-tree pruning. Operators 
resulting from these two strategies are discussed next. 

CONNECTED OPERATORS BASED ON RECONSTRUCTION

ANTIEXTENSIVE RECONSTRUCTION
Let us start by discussing openings that are filters that can sim-
plify images by removing some of their maxima. The most clas-
sical way to construct connected openings is to use an 
antiextensive reconstruction process.  

DEFINITION 2 

Antiextensive Reconstruction 
If f  and g are two images (called the “reference” and the “mark-
er” image, respectively), the antiextensive reconstruction 
rT 1 g|f 2  of g under f  is given by 

  gk 5 dC 1gk21 2 –    f  and
  r T 1g|f 2 5 limkS`  gk, (2) 

[FIG2] Example of reconstruction: (a) original image X, (b) erosion 
of X and conditional dilation, and (c) final reconstructed image.

X X

Erosion(X)

Reconstruction
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where g0 5 g # f  and dC is the dilation with the flat structuring 
element defining the connectivity (3 3 3 square or cross for 
2-D images and 3 3 3 3 3 or a 3-D cross for 3-D images). 

It can be shown that the series, gk, always converges and the 
limit always exists. The operator dC 1 # 2 – f  is sometimes called a 
conditional dilation as the elementary dilation is conditioned to 
remain below f. In this section, we will rely on this definition 
based on iterative conditional dilations. Later, we will see that 
efficient implementations of the reconstruction process do exist 
and do not rely on iterations.  

Of course by duality, an extensive reconstruction may be 
defined in Definition 3.  

DEFINITION 3 

Extensive Reconstruction 
If f  and g are two images (called the “reference” and the “mark-
er” image, respectively), the extensive reconstruction rc 1g|f 2  of 
g above f  is given by 

  gk 5 eC 1gk21 2 — f and
  r c 1g|f 2 5 limkS`  gk, (3) 

where g0 5 g $ f  and eC is the erosion with the flat structuring 
element defining the connectivity. 

In practice, useful connected operators are obtained by con-
sidering that the marker image g is a transformation t 1 f 2  of the 
input image f  that also plays the role of the marker image. As a 
result, most connected operators c obtained by reconstruction 
can be written as 

  c 1 f 2 5 r T 1t 1 f 2 |f 2    1antiextensive operator 2 , or
  c 1 f 2 5 rc 1t 1 f 2 |f 2    1extensive operator 2 .  (4) 

A few examples are discussed next. 

SIZE FILTERING
The simplest size-oriented connected operator is obtained by 
using as marker image, t 1 f 2 , the result of an erosion with a 
structuring element hk of size k. It is the opening by recon-
struction of erosion 

 c 1 f 2 5 rT 1ehk
1 f 2 | f 2 . (5) 

Note that it can be demonstrated that the same operator is 
obtained by changing the erosion, ehk

, by an opening, ghk
 with 

the same structuring element, hk, provided hk is connected 
and contains the origin. It can be demonstrated that this oper-
ator is an opening. By duality, the closing by reconstruction is 
given by 

 c* 1 f 2 5 rc 1dhk
1 f 2 |f 2 . (6)

An example of opening by reconstruction of erosion is shown in 
Figure 3(a). In this example, the original signal f  has 11 
 maxima. The marker signal g is created by an erosion with a flat 
structuring element which eliminates the narrowest maxima. 
Only five maxima are preserved after erosion. Finally, the mark-
er is reconstructed. In the reconstruction, only the five maxima 
that were present after erosion are visible and narrow maxima 
have been eliminated. Moreover, the transitions of the recon-
structed signal correspond precisely to the transitions of the 
original signal. 

As can be seen, the simplification effect, that is the elimi-
nation of narrow maxima is almost perfectly done. However, 
the preservation effect may be criticized: although the 
 maxima contours are well preserved, their shape and height 

[FIG3] Size-oriented connected operators: (a) opening by reconstruction and (b) new marker indicating where the reconstruction has 
been inactive and second reconstruction.
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are distorted. To reduce this 
distortion, a new connected 
operator can be built on top of 
the first one. Let us construct 
a new marker image, m 3n 4, 
indicating the maxima where 
the reconstruction has been 
inactive, i.e., where the final result is equal to the erosion

 m 3n 4 5 •
f 3n 4 ,     if rT 1ehk

1 f 2 | f 2 3n 4 5 ehk
1 f 2 3n 4,

  and ehk
1 f 2 3n 4 belongs to a maxima

0  otherwise.
 (7) 

This marker image is illustrated in Figure 3(b). As can be 
seen, it is equal to zero except for the five maxima that are pres-
ent after erosion. At that locations, the gray-level values of the 
original image, f 3n 4, are assigned to the marker image. Finally, 
the second connected operator is created by the reconstruction 
of the marker, m under f  

 c 1 f 2 5 rT 1m| f 2 . (8) 

This operator is also an opening by reconstruction. The 
final result is shown in Figure 3(b). The five maxima are 
better  preserved than with the first opening by reconstruc-
tion whereas the remaining maxima are perfectly removed. 
The difference between both reconstructions is clearly visi-
ble when the initial erosion uses a rather large structuring 
element as in the example of Figure 4. The first opening by 
reconstruction removes small bright details of the image: 
the text in the upper left corner. The fish is a large element 
and is not removed. It is indeed visible after the first open-
ing by reconstruction [Figure 4(b)], but its gray-level val-
ues are not well preserved. This drawback is avoided by 
using the second reconstruction. Finally, let us mention 
that by duality closings by reconstruction can be defined. 
They have the same effect than the openings but on dark 
components (minima). 

CONTRAST FILTERING
The previous section considered size simplification. Contrast 
simplification can be obtained by substituting the erosion in (5) 

by a subtraction by a constant, 
c, from the original image f  

 f 1 f 2 5 rT 1 f 2 c| f 2 . (9) 

This operator, known as the 
hmax operator, is connected, 

increasing, and antiextensive but not idempotent. Its effect is 
illustrated in Figure 5(a). As can be seen, the maxima of small 
contrast are removed and the contours of the maxima of high 
contrast are well preserved. However, the height of the remain-
ing maxima are not well preserved. As in the previous section, 
this drawback can be removed if a second reconstruction pro-
cess is used. This second reconstruction process is exactly the 
same as the previous one defined by (7) (m 3n 4 5 f 3n 4  if 
rT 1 f 2 c| f 2 3n 4 5 f 3n 4 2 c and belongs to a maxima). This sec-
ond connected operator is called a dynamic opening [36]. 

The operators effect is illustrated in Figure 6. Both operators 
remove maxima of contrast c lower than 100 gray-level values. 
However, the hmax operator produces an output image of low 
contrast, even for the preserved maxima. By contrast, the 
dynamic opening successfully restores the retained maxima. 

SELF-DUAL RECONSTRUCTION AND LEVELING
The connected operators discussed in the previous section were 
either antiextensive or extensive. They allow the simplification of 
either bright or dark image components. For some applications, 
this behavior is a drawback and one would like to simplify in a sym-
metrical way, all components. From the theoretical viewpoint, this 
means that the filter has to be self-dual, that is c 1 f 2 5 2c 12 f 2 . 

With the aim of constructing self-dual connected operators, 
the concept of levelings was proposed in [5] by adding some 
restrictions in the definition of connected operators. 

DEFINITION 4 

Leveling 
The operator c is a level ing if 4n, n r neigh boring pixels, 
c 1 f 2 3n 4 . c 1 f 2 3n r 4 1  f 3n 4 $ c 1 f 2 3n 4 and c 1 f 2 3n r 4 $ f 3n r4 .

This definition not only states that if a transition exists in 
the output image, it was already present in the original image 

[FIG4] Size filtering with opening by reconstruction: (a) erosion of the original image of Figure 1(a) by a flat structuring element of size 
30330, (b) reconstruction of the erosion, (c) marker indicating maxima where the first reconstruction has not been active (7), and 
(d) second reconstruction.

(a) (b) (c) (d)

WHEN USING PATH CONNECTIVITY, 
WE MIGHT NOT OBTAIN SETS OF 

PIXELS THAT CORRESPOND CLOSELY 
TO PERCEPTUAL GROUPS RELEVANT TO 

HUMAN OBSERVERS. 

Authorized licensed use limited to: UNIVERSITAT POLIT?CNICA DE CATALUNYA. Downloaded on December 18, 2009 at 10:00 from IEEE Xplore.  Restrictions apply. 


































